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1. The Apportionment of Indivisible Goods

Perfect equity:
e.g. one person, one vote
1. every person should have an equal share of 
number of representation, and every 
representative should be answerable to the 
same number of people. 
2. Every person’s vote must count equally.
Under this rule, the geographic size of a 
district does not matter; instead, it is the 
population size that is important.
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1. The Apportionment of Indivisible Goods

Indivisible nature of representatives

e.g. Rounding problem: some states get 
more than their fair share, and others less

However, sometimes just one seat can be 
crucial in tipping the balance of power in a 
legislature.

Hence, need to solve the apportionment 
problem.
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2. Apportionment in the United States

The distribution of representation:
a compromise between these criteria
- Every state has a right to equal 

representation in the Senate regardless of 
its size, and every state has at least one
representative in the House.

- The basis of representation in the House is 
the number of inhabitants.

- A concession was made to the argument that
property also qualifies for representation.

However, the Constitution did not give an 
explicit formula for apportioning the House.
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3. Statement of the problem

An apportionment problem involves a group 
of states with given populations, and a whole 
number of seats to distribute among them.

The idea: every state receive its exact 
proportional share of seats ( its quota )

However, the quotas will not be exactly the 
whole numbers. 

It needs to find a solution that is as nearly 
proportional to the population as possible.



8

3. Statement of the problem

Some problems with apportionment: 
violating quota, paradox.

Three assumptions
- the apportionment method is impartial.

- if a perfect apportionment is possible, 

then it should be the unique solution.

- the apportionment should depend only on  

the relative sizes of the states' populations.
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4. The methods of Hamilton and Jefferson

Hamilton’s method (HM):
First give to each state the integer part of its 
quota. If any seats remain to be apportioned, 
give one each to the states with highest 
fractional remainders.
The method of largest fractions.
The only method here does not use 
modified quotas.
It is susceptible to the Alabama, population 
paradox.



10

4. The methods of Hamilton and Jefferson
Jefferson’s method (JM): divisors method.

Choose a common divisor representing the target 
number of persons per congressional district. 
Divide it into each of the state populations to 
obtain quotients, and give each state the whole 
number in its quotient. 

Use the modified divisor:

If the total number of seats allotted by this process 
is too large increase the divisor, if the total is too 
small decrease the divisor, until a value is found 
that apportions the correct number of seats.
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5. The bias of Jefferson’s method(1)

It, likes all the other divisor methods, violates 
quota but is not susceptible to Alabama and 
population paradox.

Jefferson’s method favors large states, and 
disfavors small states.

Bias: the difference between each state’s 
average allotment and its average quota is not 
approximately zero
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5. The bias of Jefferson’s method(2)

Jefferson solution for New York and Delaware, 1790 - 1830

611211DW 
allotment

854915171685195217821613DW Quota

1284034271710NY 
allotment

12359385933250326199166619629NYQuota

Total18301820181018001790Year 
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6. The methods of Daniel Webster  
and John Quincy Adams

J.Q.Adams’s method (AM):
Choose a common divisor representing the 
target number of persons per congressional 
district. Divide it into each of the state 
populations to obtain quotients, and round 
the fractional part of each state’s quotient 
up to the next whole number.
Gives a marked advantage to the small 
states.
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6. The methods of Daniel Webster  
and John Quincy Adams

Webster ’s method (WM):
Choose a common divisor representing the 
target number of persons per congressional 
district. Divide it into each of the state 
populations to obtain quotients, and round 
each quotient to the nearest whole number.

Remedies the bias toward the large states.
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Summary of the divisor methods
In general, Jefferson’s methods requires a 
smaller divisor in comparison with the 
Webster method, which in turn requires a 
smaller divisor than the Adam’s method.

If quota condition is not satisfied, vary 
divisor until it is. Normally, Jefferson has 
to decrease d, and Adam has to increase d, 
while Webster needs to try both trends.

AdamWebster ddd << Jefferson 



16

7. The standard two-state solution and 
its generalization

Standard two-state solution:
It gives to each state the number of seats 
that is closest to its quota. 
For every two-state problem, WM &HM 
give the same answer.
Consistency:
If every two states divide the number of 
seats allotted to them according to the 
standard solution.
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8. The Alabama paradox(1)
After the 1880 census, Seaton computed apportionments for all house size 
between 275 an d 350 members. He found Alabama paradox.

Seaton pointed out that Alabama would get 8 seats if the House size were set at 
299 seats.

29927729949371340Total 

555.2371.75864694California

877.6462.561262505Alabama

Final 
Appor.

Rounded 
Quotas

Std 
Quota

% POP1880 POPState
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8. The Alabama paradox(2)
Alabama would only get 7 seats when the House size is 300 seats, means 
that by adding an additional seats to the House, Alabama would lose a seat!

30030049371340Total

555.2541.75864694California

777.6712.561262505Alabama

Final 
Appor.

Rounded 
Quota

Std 
Quota

%POP1880 POPState
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8. The Alabama paradox(3)
Alabama paradox:

There is a situation in which the total 
number of seats increases, all populations 
remain fixed, and some state receives 
strictly fewer seats than before.

The Alabama Paradox is peculiar to 
Hamilton Method.
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9. The method of Joseph Hill
Hill’s method (HM):

Allocate the seats among the states so that 
no transfer of a seat between any two states 
reduces the percentage difference in per 
capita representation between them.

Huntigton Rule for computing Hill’s 
method: to round up if the computed quota 
is  greater than or equal to the geometric 
mean, and round down if not.
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12.Stayign within the quota

A two-state apportionment problem:

Staying within quota:

If no state gets more than its quota rounded 
up nor less than its quota rounded down.
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13. The population paradox

Population paradox: if a state loses 
population gains a seat at the expense of a 
state that gains population.

Among all apportionment methods that are 
impartial, pairwise consistent, homogeneous, 
and exact, the divisor methods are the only 
ones that avoid the population paradox.
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Carrying out an apportionment procedure 1

Step 1: Standard divisor

SD= Total Pop/# of seats

Step 2: Standard quotas (for each state)

SQ=State Pop / SD

Step 3: Rounded quotas (for each state)

Use the appropriate rounding rule to get the 
rounded quotas from the standard quotas.
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Carrying out an apportionment procedure 2

For JM, the rounding rule is to always round 
down to lower quotas.
For AM, the rounding rule is to always round 
up to upper quotas.
For WM, the rounding rule is to round up if 
the computed quota is greater than or equal to 
the arithmetic mean, round down is not.
For HHM, the rounding rule is to round up if 
the computed quota is greater than or equal to 
the geometric mean, round down if not.
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Carrying out an apportionment procedure 3

Step 4: Final apportionment (for each state)
� For HM: if lower quotas do not apportion enough 

seats, add the proper number of seats by giving an 
additional seat to those states whose Divisors have 
the largest fractional parts.

� All other methods: if rounded quotas do not apportion 
enough seats, modify the divisor and use this 
modified divisor to compute modified quotas and 
then go back to Step 3.
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Two Paradoxes

The Alabama Paradox: An increase in the 
total number of seats to be apportioned 
causes a state to lose a seat.

The Population Paradox: An increase in a 
state’s population cause it to lose a seat.


